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The Discrete Tchebichef Transform (DTT) is a transform method based on the scaled orthogonal
Tchebichef polynomials, which have applications recently found in image compression and pattern
recognition. This report summarises the research carried out for the development of a fast DTT
algorithm. The mathematical properties and the related algorithmic details of the Discrete Cosine
Transform (DCT) have been studied in order to develop a fast DTT algorithm. A novel DTT
algorithm suitable for 4 × 4 image blocks is proposed in this report. A theoretical analysis of
the proposed method, the method using the direct application of the definition and the method
using the separability and the symmetry shows that the proposed method requires the smallest
number of operations while the direct application of the definition performs badly. Presented
experimental results also show the improved performance of the proposed algorithm.
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This chapter gives a general introduction to image compression and the Discrete Tchebichef
Transform followed by the project goals and the outline of the report.
1.1 Introduction
Data compression has become an area of great interest in computing due to the limited data
storage and network capabilities. A large amount of image data such as photographs, diagrams,
videos and webpage pictures are created and transmitted all over the world as a result of the
progress of digital photography and the internet. This has resulted in strong demands towards
the development of good image compression systems, which specifically compress and decompress
images, taking advantage of specific requirements on the compression of images. Popular image
compression formats include Joint Photographic Experts Group (JPEG) format[24], Graphics
Interchange Format (GIF)1 and Portable Network Graphics (PNG) format 2. These image com-
pression standards are classified into two classes, lossy and lossless compressions.
Lossless data compression is a type of compression in which no information is lost over the
process of compression and decompression. In other words, the original data is completely recov-
ered when decompressing compressed data. It is crucial that no information is lost in most text
compression and some other fields where the retrieval of original data is required. Entropy coding
such as Huffman code [6] is a major example of lossless compression. Other lossless compressions
include Lempel-Ziv [29, 30]. One implementation of Lempel-Ziv by [25] is used by GIF. Lossless
compression is often combined with lossy compression to achieve further compression.
Lossy data compression is a type of compression in which some information is lost over the
process of compression and decompression. Images can be compressed using lossy compression
because loss of information in images is, to some extent, acceptable. Since human eyes cannot
perceive small differences in two similar pictures, minor errors in images caused by the process
of lossy compression are not easy for humans to recognise. JPEG is a popular example of lossy
image compression. This report mainly discusses lossy image compression based on transform
coding.
Typically, lossy image compression employs the techniques of digital signal processing. That
is, original image data given in the spatial domain are transformed into a different domain such as
the frequency domain. Such transformation methods include Fourier Transform, which offers both
continuous and discrete transforms into the frequency domain based on trigonometric functions
and Wavelet Transform, which also has both continuous and discrete transforms into another
type of frequency domain based on compactly supported functions called ‘wavelets’. The Discrete
Cosine Transform (DCT)[15] is a transform method on discrete signals and used in many signal
processing applications including JPEG image compression standard.




and based on the orthonormal version of Tchebichef polynomials. It has been shown that the
DTT has a good energy compaction property, performs as well as the DCT for many images and
performs better for certain classes of images[18]. It is expected that the good energy compaction
property will allow to describe major features of images by relatively few number of values. In
fact, Mukundan proposed a framework of image compression based on the DTT and presented a
result showing that the DTT based image compression has a comparable reconstruction accuracy
to the DCT in [14]. In addition, other applications of the DTT include pattern recognition [13].
One obvious measurement of the quality of image compression systems is the compression
ratio the systems can achieve. Since the primary objective of image compression is to reduce the
size of images as much as possible without introducing significantly visible errors. An achievable
compression ratio depends on what algorithm is used. Another important requirement on image
compression systems is the speed of compressing and decompressing images. The fact that image
compression is used so frequently suggests that image compression needs to be done as quickly
as possible so that it does not cause significant delays in the human activities for which image
compression is used. Consequently, once we decide an algorithm that achieves a good compression
ratio, the algorithm needs to be improved so that the compression is performed quickly.
It is evident, as discussed previously, that image compression based on the DTT will have a
good image compression ratio. However, the secondary objective of image compression, which is
to compress images as quickly as possible, has not been achieved for image compression based on
the DTT. As the DTT was proposed recently, only few fast methods such as the one in [4] have
appeared in literature. Furthermore, those methods are not useful for image compression, but for
pattern recognition as discussed in later chapters. Consequently, a fast DTT algorithm needs to
be developed before the further development into image compression based on the DTT.
1.2 Project Objectives
The primary objectives of the project are as follows.
• To develop a fast DTT algorithm
• To analyse and compare the algorithm with other methods
The first objective is to develop a fast DTT algorithm so that the DTT, which has a good en-
ergy compaction property, can be employed as a transform coding method for image compression.
The second objective is to analyse and compare theoretically and experimentally the algorithm
with other methods.
In order to achieve the first objective, image compression using transform coding was studied.
Furthermore, the DCT, the DTT, their properties and their mathematical framework were studied
to derive a fast method for the algorithm. In order to achieve the second objective, methods
studied and derived were implemented and tested on images in addition to analysing the methods
theoretically.
1.3 Report Outline
Chapter 1 has given a general introduction to image compression and the DTT, in addition to
the statement of project objectives and the report outline. Given in Chapter 2 and Chapter 3 are
the background to the research project. More specifically, Chapter 2 describes image compression
based on transform coding and JPEG image compression standard. Chapter 3 gives the definition
of the DCT, which is used in JPEG, and introduces fast algorithms for the DCT. Chapter 4
presents the definition and properties of the DTT. The discussion on various methods for the
fast DTT algorithm is in Chapter 5. The theoretical analysis and experimental comparison of
the known methods and the proposed algorithms are presented in Chapter 6. Finally, Chapter 7




Image compression, based on transform coding, such as the DCT and the DTT, are discussed
in this chapter. Section 2.1 describes how image compression based on transform coding are
performed. In addition, definitions and lemmas used to derive a fast DTT algorithm introduced in
later sections are also presented. Section 2.2 discusses block compression. Explained in Section 2.3
is the process performed by JPEG still image compression standard to compress and decompress
images.
2.1 Transform Coding Based Image Compression
Image compression based on transform coding is a method of compressing image data by trans-
forming original data in the domain of rather equal importance into the domain of more biased
importance and discarding less important features to reduce the size of data. More precisely, im-
age data are originally given in an equally important domain, namely spatial domain with colour
or illumination values. Then, the data are transformed so that the image is described by another
sequence of data in a different domain (often the frequency domain). Finally, some values that
represent less important features of the image are discarded.
Image transform based transform coding is more formally defined as follows. First, a notion
of linear combinations is defined.
Definition 1 Let V be an N -dimensional inner product space. Let (āi)N1 be an orthonormal basis





where 〈s̄, t̄〉 is the inner product of s̄ ∈ V and t̄ ∈ V . The set of scalars 〈āi, x̄〉 for i = 1..N
are called Transformed Coefficients throughout the report.
Suppose some elements of the basis (āi) describe less important features of images. Then the
transformed coefficients for the elements are discarded to achieve compression. It is equivalent to
say that x is projected onto a subspace of V .
Definition 2 Let V be an N -dimensional inner product space. Let W ⊂ V be a M -dimensional
subspace of V spanned by an orthonormal basis (b̄i)M1 . Then the projection of x̄ ∈ V onto W ,






Using this definition, x̄ described originally by N values is described as x̄′ by M values, and
N−M
N ∗ 100% of compression is achieved. The following theorem [1], which is sometimes refered
to as the best approximation theorem, shows that the projection x̄′ of x̄ onto W is the closest
vector to x̄; in other words, x̄′ is the best approximation of x̄ in the subspace W .
Theorem 3 Let (b̄i)M1 be an orthonormal basis of the subspace W of an inner product space V






satisfies the following inequality for any ȳ ∈ W .
||x̄′ − x̄|| < ||ȳ − x̄||
Proof x̄− x̄′ is in complementary subspace of W because each b̄i is perpendicular to x̄− x̄′ as
follows.
〈x̄− x̄′, b̄i〉 = 〈x̄, b̄i〉 − 〈x̄′, b̄i〉
= 〈x̄, b̄i〉 − 〈
M∑
j=1
〈x̄, b̄j〉b̄j , b̄i〉




〈x̄, b̄j〉〈b̄j , b̄i〉
)
= 〈x̄, b̄i〉 − 〈x̄, b̄i〉
= 0
Furthermore, ȳ−x̄′ ∈ W and x̄−x̄′ ∈ W⊥ imply that ȳ−x̄′⊥x̄−x̄′. Therefore, 〈ȳ−x̄′, x̄′−x̄〉 =
0. Then,
||ȳ − x̄||2 = ||ȳ − x̄′||2 + 2〈ȳ − x̄′, x̄′ − x̄〉+ ||x̄′ − x̄||2 > ||x̄′ − x̄||
Hence, ||x̄′ − x̄|| < ||ȳ − x̄|| for any ȳ ∈ W .
Generally in image compression, an input vector x̄ is given as a vector of real numbers and
V as a real Euclidean space RN where inner product is defined by dot product. Furthermore,
the subspace W and the basis (b̄i)M1 are selected dynamically depending on images. That is,
the image data are transformed onto V itself using Definition 1, and then some transformed
coefficients are truncated based on criteria each compression algorithm imposes. The resulting
truncated transformed coefficients describe the projection of x̄ onto the dynamically selected
subspace W of V . The following definition defines the image transform.
Definition 4 (Linear Transform) Given a signal x̄ of length N as a vector in RN , the trans-
formed coefficients (Ti)N1 of x̄ with respect to a basis (āi)
N
1 of R
N are given by




where ai(j) denotes the jth component of the vector āi and x(j) denotes the jth component of
the vector x̄.
Since a linear transform can be expressed as a matrix, the transform can be also written by
matrix multiplication form.
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Definition 5 Let A be a matrix that represents the projection operator onto V with respect to
the basis (āi)N1 .
Aij = ai(j)
Then, the vector of transformed coefficients T̄ is given by
T̄ = Ax̄
The inverse transform is to retrieve the original signal from the transform coefficients. This
is achieved by projecting the vector of transformed coefficients back to V with respect to the
standard basis.
Lemma 6 Given a vector of transform coefficients T̄ with respect to the orthonormal basis (āi)N1 ,
the original signal x̄ is given by
x̄ = AT T̄
where Aij = ai(j) and AT denotes the transpose of A
Proof By Definition 5, T̄ = Ax̄. The inverse of A exists, as the columns of A forms an
orthonormal basis. Therefore, x̄ = A−1T̄ . Since (āi)N1 is an orthonormal basis, A is a orthogonal
matrix. It follows that A−1 = AT . Hence, x̄ = A−1T̄ = AT T̄ .
Alternatively, the inverse transform can be given in the form of the sum of products form.
Definition 7 Given a vector of transform coefficients T̄ with respect to the orthonormal basis





Definition 7 is equivalent to Definition 1. It is obvious by replacing the transformed coefficients
Ti by the inner product, < ai, x >, which correspond to Ti. In fact, the definition of the linear
combination is the inverse transfrom from transformed coefficients back to the original vector.
The transform method can be extended to two dimension. Since images are two dimensional
data, the two dimensional transform can be applied directly to given images.
Definition 8 Given a two dimensional data as a function f of size N ×N , the matrix of trans-







or in vector-matrix form using the matrix that represents Aij = ai(j),
T = AXAT
Any two dimensional transform given in this form induces the separability property. That is,
the nested sum can be computed by two separate sums.
Lemma 9 (Separability) Let Tpq be transformed coefficients of a two dimensional transform
































Then, letting gq(y) = gq(x) =
∑N
y=1 aq(y)f(x, y) gives the separate sums in Lemma 9. Fur-
thermore, each sum runs through N multiplications and N-1 additions. Tpq are calculated for
p, q = 1..N ; Hence, the computation of Tpq takes O(N3) time.
The inverse two-dimensional transform is given as follows.







or in vector-matrix form using the matrix A such that Aij = ai(j),
T = AT XA
Summary Any image transforms based on linear transforms are defined as in Definition 4.
Linear transforms are tailored to transform input into an arbitrary domain by providing the basis
(āi)N1 (preferably orthonormal) of the domain. Generally, (āi)
N
1 is called a kernel of a transform.
2.2 Block Compression
Many lossy image compression systems use block compression. Block compression is to segment
an input image into several blocks of certain size and to compress them independently rather
than compressing the entire image. This method has several advantages; one of the significant
ones is the fact that block compression can achieve a better compression ratio. Since natural
images, such as photographs, have local similarities, the blocks that have highly correlated pixels
like graduation or flat colouring tend to be compressed better.
2.3 JPEG still image compression standard
In 1991, Joint Photographic Experts Group proposed a lossy image compression method called
JPEG [24]. Since then JPEG has become one of the most popular image compression methods.
JPEG uses the DCT for transform coding and applies the Run Length Coding to achieve further
6
Figure 2.1: The conceptual diagram showing the process of JPEG image compression extracted
from [24]
compression of the data. The DCT is discussed in detail in Chapter 3. Figure 2.3 shows the
process of JPEG image compression extracted from [24].
As the diagram shows, 8×8 blocks are individually fed into the pipeline. First, the DCT is ap-
plied to the blocks to transform the data into the frequency domain. Then the 64 DCT coefficients
are quantised according to a quantisation table defined by the application. The quantisation is the
step to select coefficients associated with visually important features and to discard coefficients
associated with visually less important features by thresholding according to the quantisation
table. Then, the quantised coefficients are finally compressed further using entropy coding, in
other words lossless compression. Specifically, Huffman coding [6] and Arithmetic coding [26] are
applied to the selected DCT coefficients.
The decompression process consists of similar steps in the reverse order. The compressed data
are first decompressed by the inverse entropy coding method of the ones used for the compression
to obtain the quantised DCT coefficients. Then, the coefficients are dequantised by the same
quantisation table as the one used for compression. Finally, the inverse DCT is applied onto the




This chapter discusses the Discrete Cosine Transform in general. Section 3.1 gives the definition of
the DCT. Section 3.2 discusses some fast DCT algorithms. Many DCT algorithms were reviewed
for the development of a fast DTT algorithm as the DCT has similar properties to the DTT.
3.1 Definition
The Discrete Cosine Transform (DCT) has been used in many signal processing applications since
it was introduced by Ahmed et al.[15]. The applications of the DCT include signal filtering, speech
coding, image coding, pattern recognition, and many more in addition to image compression [8].
The DCT is a discrete transform whose kernel is defined by the cosine function. It is closely
related to the Fourier Transform; therefore, the properties of the DCT are similar to those pos-
sessed by the Fourier Transform. Furthermore, many of the fast DCT algorithms are based on the
Fast Fourier Transform algorithm [7]. There are many different definitions for the DCT; however,
one generally referred to as DCT-II and often called ‘the DCT’ is given as follows [8].
Definition 11 (Discrete Cosine Transform (DCT-II)) Let X be a vector of transformed
















for m = 0
1 for m 6= 0












3.1.1 Properties of the DCT
The kernel of the DCT has several properties. Firstly, the kernel forms an orthonormal basis[8].
This property is useful for the inverse DCT. Lemma 6 states that the inverse transform of a linear
transform with an orthonormal basis is defined by the multiplication of transformed coefficients
by the transpose of the kernel matrix. In summation form, this is defined as follows.
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Definition 12 (The Inverse Discrete Cosine Transform) Given the transformed coefficients












Secondly, the kernel of the DCT is a even symmetric function.









Then, cm(n) satisfies the even symmetry; that is, cm(n) satisfies the following equation.
cm(n) = (−1)mcm(N − n− 1)
Proof The proof for the lemma follows.






















































































































Thirdly, the two dimensional DCT defined as follows has the separability property(Lemma 9)
as the DCT is a linear transform. The DCT has many other properties including Shift in time,
Scaling in time and Convolution property [8].
3.2 Fast DCT Algorithm
Due to the popularity of the DCT in many applications, there have been many fast algorithms
for the DCT proposed since the discovery of the DCT. Some of the earlier ones [5, 12] computed
the coefficients via the FFT, taking advantage of the close relationship between the DCT and
the Fourier Transform [11]. Chen et.al. proposed one based on matrix factorisation[23]. Other
algorithms such as the one by Corrington [2] and the one by Cvetkovic [28] also use matrix
factorisation to achieve fast computation. Yip and Rao proposed a recursive reduction of N -
point DCT to N/2-point DCT in both frequency [27] and time [19]. The two dimensional DCT is
conventionally computed by simply applying the one dimensional DCT on both rows and columns
using the separability property; however, algorithms specifically proposed for two dimensional
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transform have also been proposed for further optimisation[17, 3, 22, 10]. Most fast algorithms
for the DCT are based on recursive reduction; therefore, the development of a fast algorithm for
the base case of the recursion provides a speed improvement in any recursive algorithms. Cho
and Lee proposed a 4×4 algorithm useful for the base case of fast recursive two dimensional
algorithms [16].
Many DCT algorithms reviewed typically have recursive structures that allows the reduc-
tion of N point DCT down to N/2 point DCT. Figure 3.1 given in [8] presents the signal flow
graph of the 16 point DCT using the Decimation-In-Frequency algorithm proposed in [27]. The
graph illustrates that the 16 point DCT are reduced to the two 8 point DCTs. The algorithm
requires O(NlogN) additions and O(NlogN) multiplications for the 1-D DCT[27]. Furthermore,
it requires O(N2logN) additions and O(N2logN) multiplications for the 2-D DCT.
DCT-II
 N = 8
DCT-II





















































This chapter discusses the definition of the DTT in Section 4.1 and some properties of the DTT
in Section 4.2, which are used to derive a fast DTT algorithm in Chapter 5.
4.1 Definition
The Discrete Tchebichef Transform (DTT) is a linear transform with the kernel defined by the
orthonormal version of Tchebichef polynomials. It has been shown in [18] that the DTT has
higher energy compactness than the DCT in images that have high illumination value variations
such as artificial diagrams. Furthermore, he showed that the energy compactness for natural
images such as photographs are very similar with both the DCT and the DTT. The good energy
compaction property of the DTT leads to the expectation of the development towards the image
compression using the DTT. The family of the DTT is also used in the field of image feature
extraction [13].
The DTT is defined as follows.
Definition 14 (The Discrete Tchebichef Transform) Given an input vector, x, of N val-






The kernel, tm(n), is given by the orthonormal version of the Tchebichef Polynomials:






























N2 − (p− 1)2
N2 − p2
Since the kernel forms an orthonormal basis, the inverse Tchebichef Transform is defined as
follows:
Definition 15 (The Inverse Discrete Tchebichef Transform) Given an N -dimensional vec-
tor, X, of the transformed coefficients of the Discrete Tchebichef Transform of the input vector





where the kernel tm(n) is given by the orthonormal version of the Tchebichef polynomials as
in Definition 14.
The definition of the DTT is extended to two dimension.
Definition 16 (The two dimensional Discrete Tchebichef Transform) Given a two dimen-
sional input f(x, y) of size N×N , the transformed coefficients, Tpq of the two dimensional Discrete







where the kernel tm(n) is given by the orthonormal version of the Tchebichef polynomials as
in Definition 14.
Furthermore, the inverse two dimensional Discrete Tchebichef Transform is defined as follows:
Definition 17 (The inverse two dimensional Discrete Tchebichef Transform) Given trans-
formed coefficients T of the two dimensional Discrete Tchebichef Transform of an N ×N input







where the kernel tm(n) is given by the orthonormal version of the Tchebichef polynomials as
in Definition 14.
4.2 Properties of the DTT
4.2.1 Separability
The two dimensional DTT satisfies the separability property (Lemma 9) as the DTT is a linear



















The orthonormal version of Tchebichef polynomials satisfies the even symmetry as follows [21].
Lemma 18 (Even Symmetry of the Tchebichef polynomials) The Tchebichef polynomi-
als, tp(q), defined in Definition 14 satisfies the following even symmetry equation.
tp(x) = (−1)xtp(N − x− 1)
Proof The proof is by induction on p. For base case,























tp−1(x) = (−1)p−1tp−1(N − x− 1)
tp−2(x) = (−1)p−2tp−2(N − x− 1)
Then, the recursive formula for the Tchebichef polynomials in Definition 14,
(−1)ptp(N − x− 1) = (−1)p(α1(N − x− 1) + α2)tp−1(N − x− 1) + (−1)pα3tp−2(N − x− 1)
= (−α1(N − x− 1− α2)(−1)p−1tp−1(N − x− 1) + (−1)p−2α3tp−2(N − x− 1)
= (−α1(N − x− 1)− α2)tp−1(x) + α3tp−2(x)











































= α1x + α2
Hence, by induction, tp(x) = (−1)xtp(N − x− 1) has been proved.












tq(y)(f(x, y) + (−1)qf(x, N − 1− y)) (4.4)
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Chapter 5
Fast 2-D DTT Algorithm
This chapter begins with the fast N ×N DTT algorithm, and then, a 4× 4 DTT algorithm using
a property specific to 4× 4 transform is discussed.
5.1 NxN DTT Algorithm
One advantage of the DTT is that the transform requires the evaluation of algebraic expressions
given in polynomials while the DCT requires the evaluation of trigonometric functions, which is
achieved by a lookup table or a numerical approximation if higher level of precision is required.
However, the Tchebichef polynomials do not have the recursive structure possessed by the cosine
function as in the DCT. Therefore, not so many fast algorithms based on recursive reduction of
polynomials have appeared in literature. The algorithm recently developed by Wang et al. [4] uses
the Clenshaw’s recurrence relations [20] to compute Tchebichef moments recursively; however,
their algorithm dynamically computes Tchebichef polynomials tp(x) so that the algorithm can be
used for pattern recognition, which requires the transformation of an entire image. The Tchebichef
polynomials can be pre-computed in the case of image compression as block compression used
in image compression fixes the size of blocks. As a result, the algorithm takes longer time than
directly applying the definition with pre-computed Tchebichef polynomials although the algorithm
is useful where the transform of arbitrary size is required. This section introduces two methods
based on the definition and properties of the DTT.
5.1.1 Direct application of the definition
It is possible to deduce a transform method by applying directly the Definition 14. The definition








where tp(x) is the orthonormal Tchebichef polynomials and N is the size of the blocks of the
transform. Provided that the block size N is known prior to the implementation of the algorithm,
it is possible to use a lookup table of pre-computed values for the product tp(x)tq(y). The lookup
table method allows the implementation of the DTT by a simple nested loop of one multiplication
over x = 0..N − 1 and y = 0..N − 1. In Image compression, this method is suitable for block
compression as the size of blocks are fixed. However, if the block size is unknown or arbitrarily
precise computation of transformed coefficients is required, then the recursive computation of
tp(x) and the dynamic creation of a lookup table for the product tp(x)tq(y) is necessary.
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5.1.2 Using separability and even symmetry
In this subsection, a DTT method using the separability and even symmetry properties, intro-
duced in Section 4.2, is presented. As discussed in Subsection 4.2.2, it is possible to rewrite the











(tq(y)f(x, y) + (−1)qtq(N − 1− y)f(x,N − 1− y)) (5.2)
Then, tp(x) is either computed recursively or extracted from a previously created lookup
table as discussed in Subsection 5.1.1. However, the transformed coefficients are computed by
two separate summations, whereas the method using the direct application of the definition given
in Subsection 5.1.1 required doubly nested summation. Removal of nested summation will result
in substantial reduction in time complexity and the number of multiplications and additions as
detailed in Subsection 6.1.1.
5.2 4x4 DTT Algorithm
In this section, we propose a new 4 × 4 DTT algorithm using a property specific to the 4 × 4
DTT. Substituting N = 4 and each p ∈ {0, 1, 2, 3} into Definition 14, the orthonormal Tchebichef
































The polynomials for x = 0...3 are evaluated as in Table 5.1.












































Table 5.1: Evaluation of the Tchebichef polynomials for N = 4 at x = 0, 1, 2, 3
The table suggests that tp(x) for N = 4 has three distinct values regardless of sign and implies
the following relationships.













From the above, it is obvious that
t1(0) = 3t1(1)
t1(0)2 + t1(1)2 = 0.5
Since tp(x) has three distinct values, there are only six values for the product tp(x)tq(y) of
the definition of the DTT.
A = t0(0)t0(0) D = t1(0)t1(0)
B = t0(0)t1(0) E = t1(0)t1(1)
C = t0(0)t1(1) F = t1(1)t1(1)
(5.3)











f(0, 0) + f(0, 1) + f(0, 2) + f(0, 3) + f(1, 0) + f(1, 1) + f(1, 2) + f(1, 3)












f(0, 0)− f(0, 1)− f(0, 2) + f(0, 3) + f(1, 0)− f(1, 1)− f(1, 2) + f(1, 3)




















































f(0, 0) + f(0, 1) + f(0, 2) + f(0, 3)− f(1, 0)− f(1, 1)− f(1, 2)− f(1, 3)
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f(0, 0)− f(0, 1)− f(0, 2) + f(0, 3)− f(1, 0) + f(1, 1) + f(1, 2)− f(1, 3)
















































f(0, 0)− f(0, 3)− f(3, 0) + f(3, 3)
”
The principal idea behind our algorithm is that the above expression for the transform coefficients
can be viewed as linear combinations of a new set of six basis functions given in Equation 5.3
instead of 16 basis functions in Equation 14. The even symmetry property in Equation 18 allows
us to group terms of the forms f(x, 0) ± f(x, 3) and f(x, 1) ± f(x, 2) for x = 0, 1, 2, 3 to further
reduce the number of repeated additions and subtractions. Computing these terms appropriately
before multiplication gives rise to the signal flow graph presented in Figure 5.1. The signal flow
graph directly represents our algorithm. Note that the subtraction (-) gate used in the signal
graph subtracts the bottom input from the top input and outputs the result.
In our algorithm, the 4x4 input data are given as f(i, j) where i, j = 0..3 and go through
a number of addition steps. The added terms are multiplied by one of A = t0(0)t0(0), B =
t0(0)t1(0), C = t0(0)t1(1), D = t1(0)t1(0), E = t1(0)t1(1) or F = t1(1)t1(1). Finally, some
terms are added to output T (i, j) where i, j = 0..3 as computed DTT coefficients. Factorisation
of polynomial expressions with respect to A,B,C, D, E, F was found to yield a faster algorithm


































































































































This chapter gives comparative analysis of the methods discussed in Chapter 5. Section 6.1
discusses the theoretical performance of the methods in terms of the Big-O notation and the
number of multiplications and additions. Section 6.2 presents the summary of an experiment
conducted to test the performance of the methods.
6.1 Theoretical Analysis
6.1.1 NxN DTT Algorithm
This subsection analyses the theoretical performance of the two methods discussed in Section 5.1.







The method using direct application of the above definition discussed in Subsection 5.1.1
consists of a doubly nested loop. Each variables x and y go through from 0 up to N − 1. In
addition, the inner sum requires (N−1) additions and the outer sum requires (N−1) additions of
the inner sums. Therefore, it requires (N−1)N+(N−1) = (N−1)(N+1) additions. Furthermore,
two multiplications are required for each product term, so the number of multiplications required
to compute Tpq is 2N2. Tpq needs to be computed for p, q = 0..N − 1. Hence, the total number
of multiplications and additions required to compute all the transformed coefficients are 2N4 and
N2(N − 1)(N + 1 respectively.
The method using the separability and the symmetry are detailed in Subsection 5.1.2. The











tq(y)(f(x, y) + (−1)qf(x, N − 1− y)) (6.2)
In both equations, the term (−1)p simply inverts the sign of the following term depending on
p, so it does not require any operations like powering or multiplication. Equation 6.1 requires
one addition and one multiplication per term and the summation runs through x = 0..N−12 ;
therefore, N2 +
N
2 − 1 = N − 1 additions and
N
2 − 1 multiplications. Equation 6.2 has the exactly
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same structure as Equation 6.1, so the number of operations required are the same. Hence, the
number of additions and multiplications required for the computation of Tpq are 2N−2 and N−2
respectively. Furthermore, Tpq needs to be calculated for all of p, q = 0..N − 1, so this method in
total needs N2(2N − 2) additions and N2(N − 2) multiplications.
The number of operations required by the two methods can be described in terms of Landau’s
Big O notation [9]. The time complexity of the direct application of the definition is O(N4),
while that of the method using separability and even symmetry is O(N3). Table 6.1 summarises
the number of multiplications and additions required by the two methods in the exact number
notation and Big O notation.
Additions Multiplications
Exact Number Big O Exact Number Big O
Direct Definition N2(N − 1)(N + 1) O(N4) 2N4 O(N4)
Using Separability and Symmetry N2(2N − 2) O(N3) N2(N − 2) O(N3)
Table 6.1: The number of additions and multiplications required in exact number and Big O
notation by two methods : the direct application of the definition and the method using the
separability and even symmetry
6.1.2 4x4 DTT Algorithm
For 4x4 DTT algorithm, the block size N is fixed, so it is possible to calculate the exact number
of additions and multiplications for the direct application of the definition and the method using
the symmetry and even symmetry. Furthermore, the number of operations and required for the
method detailed in Section 5.2 can be counted in the signal flow graph presented in Figure 5.1.
Table 6.2 summarises the number of operations required by the three methods.
Naive method Separability & Symmetry Our method
#Multiplication 512 64 32
#Addition 240 96 66
Table 6.2: The number of multiplications and additions needed to transform a 4x4 block by the
direct application of the definition, the method using the separability and even symmetry and
the method proposed in Section 5.2
6.2 Experimental Analysis
This section presents an experiment conducted to test the performance of the DTT methods
discussed.
6.2.1 Experimental Method
The direct application of the DTT definition given in Section 5.1.1, the method using the sepa-
rability and even symmetry discussed in Section 5.1.2 and the proposed 4x4 method presented in
Section 5.2 were implemented in C programming language and compiled using gcc. Since the first
two are given as summations of additions and multiplications, the implementation was straight
conversion of summations into loops. The signal flow graph given in Figure 5.1 was implemented
for the proposed 4x4 method. In addition the program offers an option for the Discrete Cosine
Transform.
In addition to the implementations of the DTT algorithms, several supporting programs were
created to support the experiment and the development of the algorithm. Specifically, a program
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that segments an input image in pgm format into arbitrary sized blocks was created. The program
also concatenates blocks back to one entire image. A program that allows to view pgm files was
also created to ensure that inverse transforms after applying forward transforms produce the
original image. A program that computes products of two Tchebichef polynomials was made to
induce some properties and tendencies of the DTT.
The experiment was conducted on an image of 5 different sizes: 128×128, 256×256, 512×512,
768 × 768 and 1024 × 1024. It is not necessary to test the algorithm on different image of the
same sizes because the number of operations required by the transform is purely dependent on
the size of the images. The time taken by each method were measured by the time facility of
Linux.
Another experiment was conducted to verify the correctness of the proposed 4× 4 algorithm.
Two monochrome images, ‘Lenna’ and ‘Baboon’ presented in Figure 6.1, were forward trans-
formed using the proposed method. Then, the images were reconstructed with different number
of selected components along the zig-zag order used in JPEG [24] using the direct implementa-
tion of the definition of the inverse DTT transform. Then, it was tested to see the reconstructed
images are identical to the original images with some minor errors introduced by the zig-zag
component selection.
Figure 6.1: The original images, ‘Lenna’ and ‘Baboon’, of size 256×256 used to test the correctness
of the proposed method
6.2.2 Results
The results from the experiment explained in Subsection 6.2.1 are presented in Figure 6.2. The
x-axis of the graph is the width (or height as images are square) of an image in pixels. The
y-axis of the graph is the time taken to tansform an image by the three methods in milliseconds.
The naive method refers to the direct application of the definition. The results from the other
experiment to verify the correctness of the proposed method are presented in Figure 6.3 and
Figure 6.4. The results show that reconstructions from transformed coefficients of the proposed
method with varying number of component selection along the zig-zag order. Discussion on the
results is given in Section 6.3.
6.3 Discussion
The theoretical analysis of the N × N DTT transform methods given in Subsection 6.1.1 has
clarified that the use of the separability and even symmetry reduced the time complexity from
O(N4) of the naive direct application of the definition to O(N3) of the method using the separa-


































Figure 6.2: Time in milliseconds taken to transform images by the 4x4 block DTT by the di-
rect application of the definition (Naive method), the method using the separability and even
symmetry and the method proposed in Section 5.2
Figure 6.3: Reconstructed images of ‘Lenna’ with 16 components, 8 components, 4 components,
2 components and 1 component from left to right
Figure 6.4: Reconstructed images of ‘Baboon’ with 16 components, 8 components, 4 components,
2 components and 1 component from left to right
order from O(N4) to O(N3) as proved in Lemma 9. The primary effect of the even symmetry is
that it reduces the number of multiplications by half. This is visible by comparing Equation 4.3
and Equation 4.4 to Equation 4.2 and Equation 4.1.
The number of multiplications and additions required by the direct application of the defi-
nition, the method using the separability and even symmetry and the proposed 4 × 4 method
for transforming a 4 × 4 block is presented in Subsection 6.1.2. Table 6.2 illustrates that the
separability and even symmetry properties reduce the number additions from 240 of the direct
application of the definition to 96 and the number of multiplications from 512 to 64. The reduc-
tion in the number of applications finally resulted in the great improvement of the program speed
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visible in Figure 6.2. For example, the method using the separability and even symmetry took
approximately 50 milliseconds while the method using the direct application of the definition took
approximately 350 milliseconds.
Table 6.2 has showed that the proposed 4× 4 method requires the fewest number of additions
and multiplications. More specifically, the number of multiplications required by the proposed
4 × 4 method is the half of that required by the method using the separability and the even
symmetry. The number of additions required by the proposed 4×4 method is approximately two
thirds of that required by the method using the separability and even symmetry. The experimental
result presented in Figure 6.2 supports the reduction of the number of operations. That is, the
time taken to transform 4×4 blocks of a image by the proposed 4×4 method was approximately
two thirds of the time taken by the method using the separability and even symmetry and
approximately 10% of the time taken by the direct application of the definition.
The reconstructed images of ‘Lenna’ and ‘Baboon’ presented in Figure 6.3 and Figure 6.4
have been tested to see if they are identical to the original images with some minor errors caused
by the component selection. It is obvious that the reconstructed images are the same images as
the original images. Therefore, the proposed method performed the correct forward DTT so that
the inverse DTT could reproduce the images, which are almost identical to the original images
presented in Figure 6.1. Although it is not a scope of this project, the results also show the effect
of component selection. The reconstructed images with 16 components without discarding any
components are visually identical to the original image without any visual distortions, while the
reconstructed images with only 1 component after discarding 15 components are greatly distorted.
In fact, the first component simply represents the average of the 4 × 4 blocks, the selection of
only one component has a effect of averaging 4× 4 blocks to the lower resolution. The distortion




In this project, the fast Discrete Tchebichef Transform algorithm was studied. More specifically,
the two main objectives of the research were to develop a new fast method for the DTT for image
compression and to compare various methods of the DTT experimentally and theoretically. To
accomplish the fast objective, image compression based on transform coding, its theories and
its properties were studied in addition to the Discrete Cosine Transform, which exhibit similar
properties to the DTT. A new method that works for 4 × 4 blocks using a property specific to
4× 4 DTT was proposed. The method was analysed and compared against the method using the
direct application of the definition of the DTT and the method using the separability and even
symmetry properties to accomplish the second goal.
The separability property, which both the 2-D DTT and 2-D DCT exhibits, is used to reduce
the order of computation from O(N4) to O(N3). The even symmetry, which also both the 2-D
DTT and 2-D DCT exhibits, is useful as it allows the reduction of the number of multiplications
by half. As a result the method using the separability and even symmetry requires fewer addi-
tions and multiplications than those required by the method using the direct application of the
definition of the DTT. The kernel of the DTT does not have an explicit recursive structure the
cosine function, which is the kernel of the DCT, has, so a method for the recursive reduction of
computational complexity like the one DCT allows is by far not possible. Therefore, the method
using the separability and even symmetry takes the shortest time for transformation of blocks of
arbitrary size.
A new 4 × 4 DTT method was proposed in Section 5.2. The method uses the property that
the Tchebichef polynomials have three distinct values regardless of signs for 4 × 4 case. The
definition of the DTT was factorised so that the transformed coefficients are expressed in terms
of six values, the three Tchebichef polynomial values generate. This process effectively reduces
the size of basis from 16 to 6. The signal graph given in Figure 5.1 represents the algorithm
and can be implemented in both hardware and software. It was clarified that the method takes
the smallest number of additions and multiplications among three. The experiment conducted
on the three methods have shown that the proposed algorithm takes the shortest time among
three while the method using the separability and even symmetry took much shorter time than
the direct application of the definition. The correctness of the proposed method was verified by
another experiment. Images transformed by the proposed method were reconstructed using the
inverse DTT and appeared to be identical to the original images with some minor errors caused
by the lossy nature of the method.
7.1 Future Work
Finally, this section discusses possible future works to conclude the report.
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7.1.1 Towards DTT Based Image Compression
As discussed in 2.1, lossy image compression based on transforming generally consists of three
steps. It is expected to develop a DTT based image compression using the three steps. The
first step is to transform the input image blockwise by the DTT. The second step is to select
components by quantising the transformed coefficients. This step is dependent on the transform
method used; that is, the transformed efficients should be quantised so that the components
that represent visually important features of images should be selected and ones that represent
visually less important features should be truncated. As the transformed coefficients generated
from different transforms represent different features of images, quantisation methods suitable for
the DTT need to be studied. Furthermore, the quantised transformed coefficients have different
order of importance and different entropy, so different way of selecting components and entropy
coding also needs to be studied. The proposed 4× 4 method can be used in the development of
a codec.
7.1.2 Recursive Reduction of the Polynomial Order
To achieve a major reduction in the time complexity of the DTT, a method that allows the
recursive reduction of the transform from order of N down to order of N/2 or smaller needs to
be developed. Such method would take O(NlogN) time for 1-D transfrom and O(N2logN) time
for 2-D transform. Furthermore, if exists, a recursive structure of the transformed coefficients
similar to wavelets transform would result in O(N) time for 1-D transfrom and O(N2) time for
2-D transform.
7.1.3 A Fast Inverse Discrete Tchebichef Transform Algorithm
Compress images need to be decompressed. The process of decompression involves the inverse
DTT. The inverse DTT was only briefly touched in this research project. Therefore, methods for
the inverse DTT needs to be studied in greater detail to derive a suitable algorithm that requires
minimal amount of computation. The proposed method could be suitably modified for the inverse
transform. Recent research in this field has also looked at the possibility of using techniques such
as Clenshaw’s recurrence formula [20] for the inverse DTT transform.
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